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SUMMARY 



The first part of the report treats of the theory in- 
volved. Proceeding from the fundamental problem on the 
mutual relation of a (ring and free boundaries the distri- 
bution of the circulation is da t ermine d for an airfoil 
spanning an open jet of rectangular section at different 
aspect ratios, and then for an open jet of circular sec- 
tion. 

The solution is obtained by means of a Fourier series 
and computations have been performed for different values 
of the variables. 

The second part describes the experiment^ performed 
for the purpose of proving the theory. The results con- 
firm the theory. In conclusion it defines the induced 
drag of a wing extending across an open jet and compares 
it with the drag of a monoplane having a span equal to the 
jet width at equal total lift. 



The present report treats of the case of an airfoil 
extending across an open jet on the basis of Prandtl's 
airfoil theory (reference 2). 

The problem consists in analyzing the phenomena pro- 
duced on an airfoil of constant section when extending - 
normally to the jet axis - through the center of an open 
jet or rectangular or circular section. 

* 11 Der dur ch einen 7r e i s t rahl hindurch{\es t eefct e Tragf lugel 



(reference l). Ingeni ^)nr-Ar cMv . vol. III, 1932, pp. 338- 
355. 



I. 



INTRODUCTION 
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In contradistinction to the calculation in the airfoil 
theory regarding the win;- of finite span but in an infinite 
fluid the Ifing here is, so to say, of infinite span, where- 
as the fluid has certain boundaries. A differentiation is 
made between two kinds of "boundaries: fixed Walls and open 
jet "boundaries, i.e., such, "beyond which the velocity vec- 
tor disappears. The present problem pertains to the case 
of free boundaries. Practical interest attach.es to the so- 
lution of the problem (reference 3). In steam turbine de- 
sign one employs vanes spanning the jets. Besides, the air- 
foil extending across an open jet affords an aerodynamic 
test arrangement of mors than usual simplicity^ reference 2, 
p« 52). With circular jet section the solution answers'- in 
part the. question as to the interference of the slipstream., 
on the rin£ and the control surfac.s of an airplane. 

II. Theory 

The condition to be fulfilled With the existence of ' 
free jet "boundaries is the constancy of the pressure on 
them. The pressure equals that of the fluid at rest. 

In the first order the condition is fulfilled by put- 
ting the interference velocity-component on the free bound- 
aries in the flow direction equal to zero, this velocity 
component being due to a disturbance for instance, an air- 
foil across a jet. 

The following coordinate system is used: 

x - direction coincident with the wing , 

y - direction of flow, 

z - downward. 

With, u, v, w, as velocity component s of the interference 
on the free boundary and V the strec.m velocity, Beirnoul 1 i 1 s 
theorem gives 

(V * v) 2 -f- u 2 + w 2 « const, f • 

or 



2Vv + u 2 + v 3 * r;2 a» 0. 
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In first order this gives the above condition that v = o 
on the free "boundaries .(-reference 2)* The method of solv- 
ing such problems is to assume an infinite fluid and to 
choose the appropriate velocity component in the fXow 
rection equal to zoro on the surface? which arc to represent 
the free boundaries. The changes produced, by these addi- 
tional flows constitute the effect of the free boundaries. 

Pr o b 1 em_l : A plan e a s free boundary . - Asa urn t ag t ha i 

in the half space x > o the rate of fluid f.Low is V and 
static in the x < o half, then the plane ::: & o is a 
free boundary, A cylindrical wing of infinite span lying 
on the x a::is has the circulation o at point % 5- o, 
because the pressure at top and bottom edge of the wing is 
the same. Accordingly the question is. posed cs to how the 
circulation drops from" • i' a? (infinite fluid) toT^x- o when 
x 63 o. The solution of this problem ■ ^ives in simple form 
information on the behavior of the flow at the point at 
which the airfoil passes through the free boundary. The 
singularity established for this point ' should likewise oc- 
cur with all other boundary surfaces (circular $et , etc.). 
The addition of an equal w.ing portion with angle of attach 
-a in the negative x axis to the Wing portion, with +a 
angle in positive x axis, produces no interference veloc- 
ity v in the plane z: - c with assumediy constant air 
stream in fluid of infinite extent. The an$le -a is so 
defined that with it the wing has the same but opposite 
circulation as with +a. Tnen at each point of x = o 
there is an equal but inversely directed component v of 
the one wing part conformably to the v . component of an- 
other part, so that the resultant disappears. On the prem- 
ises of the first order the v component as well as the 
w component becomes zero. The i: component normal to 
x = o effects a deformation of the boundary. 

The subsequent treatment of the problem which leads 
to the question of the circulation distribution of a wing 
with variable change of au;;le of attack, is developed in 
the following problem, in which the above problem is con- 
tained as a special case. 

Problem_2:_.__„^ 
Bounded by the surfaces x = o and x ~ I , the rate of 
fluid flow is assumed as V. Admittedly* in fluid of in- 
finite extent an airfoil lying on axis x x jro ^ nces n0 i&~ 
terference velocities v o?i x = o and x = \ when its 
angle of attach c alternates periodically between +ct and -a. 
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The period is equal • to 3 I and t&e as c o:it inui ties occur 
at x - o, r(;l, ±2 lr A3 I, - - - . The prohlem cf a wing 
with v?Tin\/l.e an/.le of at -or- c> change is known in the air- 
foil theory as the aileron problem ( reference 4). 

In t Ii e treo.t;neat of t...at ^rctle:: the dis t r i"but ion of 
the circulation over a win. Witia a -periodic , sudden change 
of an 0 le of attach has "boon det ei mined. 

G i see it was int ended to employ the sane lire of 
reasoning in a su/b sequent calculation it may not he amiss 
to repeat Bet z and Petersohr. 1 s method in so far as it re- 
la c e s t o o ur suh j e c t . 



Leo 



he the circulation a "bout the airfoil in in- 



finite fluid and at angle of attach a* 
chord. Then the circulation at point 

r (:;) = r - f ' :c ' t ! M« 



and t = the wing 



is 



The periodically changing anyle of attach is expanded in 
a Fourier series (reference 5): 



* h v 
TT -c 



sin (2 n + 1 ) tt p 



ilext we form F # N as an analogous Courier series with as 
y e t u nhn own c o o f f i c i e n t s 



(x) - 



r t 

c 



a( 2n -r,) si»" '(2 H + 1) TT f 



Then the velocities in z direction produced at the locus 
of the Wixig are according to the airfoil theory (reference 



U) 



(2 n + 1) TT 



sin tt (2 a + 1) 



X 



4 I 



T::en 



r 



(x) 



c_y_t 



(x) y 



with 



d a oe 
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r fi!*s£x 1 Lk ~r 0 ,z >~ 2 --^ ^m+DTrS 

(x ) 2 o n(2n+l) c 8 I I 



Allowing for 



c t V a* 



yields 

r 



£ h- ^_ — LiBJLtL | f . 4a (2n+l) tt - 

chr(2a+l) 8 b J I 



W " icc c^(2a+l)' 
Putting 

r (x) *M H*a+i) sir ' ( " n + 1} 



X 



we have, since the coefficients of the corresponding terns 
cf the two Fourier series must be equal: 



a 



( fcn+1) 



tt (2a +, I) [1 + "X-~ L (2ii + 1)] 



and consequently 

r 



(x) 



1 CC 



4 

~ Z 

TT 0 



cin (2a + I) 



(2* + 1) + < 2n * 1) 

S k 



V e w rite — — — - — 

C t Tf 



so that 



r 



4 
TT 



dt. sln(2a + i) I TT 

o (2a + 1) + r (2n + i) : 

f 9, 



« sin (2n t 1 ) Tt j 
o 2 n + 1 



4 « sin (2a + l) TT j 
11 c 3 n + 1 + \ 



g» Sin (2n + 1) tt 7 j 

q 2 n + 1 -r \ j . 
X 

f o r 0 < x < I . 
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The calculation and representation of the distribution 
curve is developed with the aid of the solution of the next 
problem. 

Allowing the period 2l to grow against oc in the 
present problem, yields problem 1. According to Betz and 
Petersohn (reference 4. p # 256) , it results for this case 
in 

Vt \ 2 8x 8x 8x / 2 8x\ 

r} x ) - - 1 - - sin — Ci ™ ~ cos — ( 1 ~ - Si -~~) • 

1 o Tf Ct ct C t \ TT Ct/ 

wherein Si and Ci denote the functions of the inte- 
grals sin and cos, respectively , (reference 6) • It is 
found that the circulation distribution ha.s a singularity 
of form x Ig x at. the focal point. 

Problem g: Open .jet of rectangular sectio n The c o n- 
ditions at the boundaries of a rectangular open jet of 
width I and height h are fulfilled for a wing spanning 
the jet with the following assumption #% For infinite fluid 
we find in plane y = o at the points z = mh (m inlu&cs 
all positive and negative whole numbers as well as zero) in- 
finitely long wings with periodic, variable angle- of -at tack 
change, alternating between -fa* and -a** The period is 
equal to 2l and the reversals are at points x = o, ±l f 
±21, (f ig. 1) § With this assumption all velocity compo- 

nents in the direction of flow on the surfaces x = ml and 

z = (2m + l) — are made to disappear. 
2 

According to the airfoil theory, the w component of 
the velocity induced at the locus of the wing in the x axis 
i s 

w (x) - — J 



4rr ~°° m"-°° dxi (x - %i) + (mh)' 



•i 4- co co 



V 



2tt -<* m»0i dx. 
Then (reference 7) 




N.A.C.A. Technical Memorandum No* 723 



Consequently, 

Csch J (x - x x ) dx !• 



+~ diY 

V - 

W / s = .< - — - u sen - 

W 4^ -oo dx 1 h 



1 / ~ n„_v n 



The angle of attack can be expanded in a Fourier series: 

sin (2n + l) TT | 

a w = a * I J — Em — 1 

and we form 

OG 

r (x) = r co | *(2n+l) sin < 2n + ^ " f 

-r ro 2 VfflH-^ h . t _y_cos(2n+l)TT y Csch.- (w l )dac 

c 

The integral in this equation becomes with 3* (x-X, x ) = V 

1 "* wOC> h 

J = 5 cos(2n+l)iT ? / cOiCSm+l) T v Csch v dv 

ll X h 

+ - sin(2n+l)iT r / sin(2n+l) V v Cs ° :i v dv 



(x) : 



It is 4.0, 



/ \ h 
f cos(2n+l) r v Csch v dv = 0 

Co fc 



and (reference 8) (2tt+l) h ^ 

2n-t-I) t tt 



/ sin(2n+l) V v Csch v dv— tt 



^ 1 



Thus (2n+l) & tt 

•(^T. £ sin f2n+l )tt ? 

U; 0 4 I (2n+l) & tt , 

e I -1 

The insertion of a Fourier series for Ct( x ) *(x) 
in equation 

_ c V t | w( x ) 
L 

results in 
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a (2n+l) : 



tt ( 2n+l ) ■ 



, / n , n n (2n+l) ^ tt , . 

c t tt (2n-i-l; e - * j^l 

8 1 (3n+l) ^ fr 

e * -1 



and consequently, 

r<3 °- = - 1 - 



sin(2n+l) tt £ 

|i 



r 



IT 



(2n+l) 



1 + 



>' . (2n+l) f tf 
c t TT(2n+l) e t +1 



8 1 (2n+l) | tt 



-1 



Calculation of function T(x) fca= »~ Permitting h to 
grow against <» in the last equation fjives 



(2n+l) 7 tt 
e • +1 

(2n+l) \- tt , 
e 1 -1 



=3 1 



and we obtain with equation 

■ ' r- , \ 4 » sin(2n+l)iT 5 

Lkl « l - 1 2 - L 

r tTa 2n + l + \ 

the solution of problem 2 a,gain. 

The point, therefore, is to compute 



co sin(2n+l) tt f 

g y. mt % 

2 " 2n~+ 1 + h 

Assuming x/l to take successively the values 0.5, 
0.25, 0.125, 0.0625, we obtain 



n 



S* ■ sin — Z - — k^Jj 

1 a 0 am + i t 



s 2 = 



sin n 
4 



/ sn 

z 7 ~!-ii — r + >: 

n 4n + 1 + h ft 



(-1) 21 



"I 



4n + '6 + X 



J 
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s 3 = 



sin 



+ sin 



H U Lsll 



n 



i,ll n . 



~r- + 



IS 



8a 4- J + A 0 3n + 7 + AJ 



+ sin 



+ Bia -■ 



u 


1 co 

! £ 
L o 


JL 

16 


! 00 

! £ 

s 0 


is 


r c ° 

i s 


fax. 

16 


1 L 

L° 


Til 


r cc 
! 2 


16 


L ° 



, ■ + ? 

8a + 3 + X q 8a + 5 + \_ 



16a 4- 1 + X 
n 

r 5T 



16a + 15 + K 



izll 

16a + 3 

n 



+ 



( 



o 

GO 

V 

La 

0 

GO 



n 



16a 



lr.ll 



T + 



n 



(-31) n 

16n + 9 + i\ 



16n + 7 + X 



c-ir 

16n + 13 + X 

!l 



j 



+ X 0 16n + 11 + Kj 



All existent sums are of the type of 
Then 



03 



b-1 

o an + b o 1 + t' 



m v CrXl* 



d t 



Partial fractionation of this integral leads to a log- 
aritiim and an arc tangent, by means of which the sums can 
"be computed. The calculation wan carried through for in- 
tegral X values from 1 to 9, which practically covers all 
interesting ratios of Jet width to wing chord. The ob- 
tained figures are given in the first part of table I 

(j^ 0: ). Figure 2 Shows the trend of T( x )/T c/l . for constant 
wing chord and increasing jet width. The enveloping curve 

for ~ = oe is Betz and Peter sohn f s distribution curve. 

In figure 3 the course is given for constant jet width and 
different wing chords. This solves problem 2. Prescribing 
definite values (rectangular jet) for h/l , the expression 



e m * +1 

(2a+l) & rr , 
e I -1 



« € (2a 



+ 1, T ) 



seen to 



converge toward 1 after very few terms of the series. Thus 
the above computed sums can be used by bearing in mind the 

effect of the function e (2n + 1, %) on the first terms 



i 
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of the series. Tho r( x ) /P^ values are -given in table I, 
The trend of the curves for different jet sections with 
varying wing chord is snown in figures 4, 5, aid S, whereas 
figures 7 to 10 give l- n (x)Aa> versus \ for different h/l . 
This solves problem 3. 

Pro 1) 1 em 4: O pe n Jet of circular soction,^ A so lut i on 
can be effected as follows. As shown at the beginning of 
the report, the fulfillment of the jet condition within 
the first order stipulates that the component of the inter- 
ference velocity in direction x becomes zero at the jet 
"boundary. Tho integration along the streamline reveals 
that the potential of tho interference velocities at tho 
jet boundary must "be constant and has the value zero. Con- 
sequently, the streamlines of the interference flows are 
perpendiciilar to the jet boundary # This condition is ful- 
filled " r ith tho circular jet in a section far aft of tho 
wing. The thus formulated boundary condition prescribes 
that the disturbance due to the circular contour be con- 
fined to radial direction only. 



For symmetrical reasons the origin of 
hereinafter is placed in the center of the 
this circle tho eauation 



the coordinates 
jet. Within 



r 



cVt 

2 



a* 



m ILmL 
v 



must be fulfilled for constant a* raid t. With conforms.! 



transformation the radius of the circle becomes 
Then the circle is slotted by the function 



1. 



i ~ 
1 - 



i e 



or 



lg 



i - z 

1 - iz 



onto a period strip (fig. 11) • 
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TABLE I 



h 
I 


X 


0.5 


I 

0,25» 


0.125 


0.062! 


CO 


1 

2 
3 
4 
5 

6 
7 

O 
U 

9 


0.559 
0.727 
0.805 
0.849 
0.877 

0.397 
0.911 
0.925 
0.930 


0.482 
0.554 
0,747 
0.302 
0.835 

0.862 
0.877 
0.393 
0.903 


0.361 
0.523 
0.524 
0.689 
0.738 

0.770 
0.800 
0.819 
0.837 


0.252 
0.386 
0.473 
0 .543 
0.596 

0.53 5 
0.570 
0.698 
0.722 


1 Pi 


1 

2 
5 

5 

6 
7 

o 
O 

y 


0 .531 
0.702 
0,784 
0 .8 31 
0,860 

0.383 
0.898 

u • y i o 

0 .920 


0.470 
0.534 
0, 733 
0.790 
0,823 

0.853 
0.369 

r\ n o a 

0 # d85 

r\ c\ c\ 

0.89o 


0.352 
0.513 
0.616 
0.582 
0.730 

0.765 
0.795 

rs one* 

0.815 
0.033 


0.248 
0.38 2 
0 ,474 
0,539 
0.592 

0,533 
0.557 
0,695 
0.720 




1 


0.498 


0.447 


0.338 


0.242 




2 


0.6 78 


0.614 


0.502 


0.376 




3 


0.765 


0.717 


0.609 


0,470 


0.7854 


4 


0.813 


0.776 


0.675 


0,535 


(' n\ 


5 


0,845 


0.812 


0.7 24 


0.589 


K 4/ 


6 


0.868 


0.837 


0.759 


0.630 




7 


0,886 


0.860 


0.790 


0.655 




8 


0.899 


0.877 


0.810 


0.693 




9 


0,909 


0.888 


0.829 


0.718 
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TABLE I (cont'd) 



h 


\ 

A 
















7 






i I 








0.5 0.25 

. 


0.125 


0.0525 


— 


1 


Pi A K Q 


Pi AT Q 


0.323 


U. dec 




2 


U § oO o 


n r a a 

U o D o D 


0.487 


0.368 




g 


0. 723 


0 o S90 


0.594 


O 4. fi P 


r- cr Q n 0 c 
U . D O J U O 


4. 


0,778 


0.752 


0.661 


Wi Jo J 




p; 
«j 


U . ol D 




0 . 71 5 


0 ^8 3 


V 16/ 


6 


U o O t JL 


e O O W 


0.752 


0.625 




7 


0.861 


0 o 841 


0.782 


0.660 




o 


r> Q ry r* 

U o o r O 


n q c i 
U o o o 1 


0.802 


0 fi P. ft 




Q 


0 C 889 


0.374 


0.821 


0 71 4. 




1 
J. 




0 319 


0,261 


0 PO^S 




2 


0 o 4 9 9 


0.477 


0.422 


0.333 




3 


0 c 600 


0« 588 


0.531 


0.430 


I • u 1 0 o I 


4 


0.667 


0.659 


0.605 


0.501 




5 


0- 713 


0.705 


0.651 


0.557 


V TT/ 


6 


0.750 


0. 745 


0.701 


0. 600 




7 


0.778 


0,771 


0,734 


0.638 




8 


0*800 


0,795 


0.751 


0 # 567 




9 


0.819 


0.813 


0, 784 


0. 694 




1 


0.238 


0.23 5 


0.211 


0.172 




2 


0,382 


0.379 


0 C 349 


0.293 




3 


0.481 


0,478 


0.453 


0.387 




4 


0.557 


0,552 


0.551 


0.457 




5 


0.612 


0.509 


0.589 


0.515 


0.2 














6 


0.S53 


0.652 


0.634 


0.551 




7 


0,688 


0.586 


0.672 


0.599 




8 


0.716 


0.715 


0.701 


0.632 




9 


0.739 


0.733 


0.726 


0.660 
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The x axis (~l<x<l) becomes the | axis 
/ * v -cos ^ 

C0<c<rr) because x = r. The section of the 

1 t sin i 

periphery lying in the serai-plane x < 0 'becomes the 
straight line £ = 0, the other half "becomes i = rr . 
The above equation must be transformed in the i -clane. 



It is 



d V M a x ss LEOl d e 

dr. a § 



w ( x ) & x = v: ( £ ) a 5 

]hen 



d_x = 1 

d I 1 + sin I 

Accordingly , 

This equation must be fulfilled in the £ plane. 
The fulfillment of the jet condition which stipulates in 
the £ plane that on both boundary straights i = 0 and 
£ = tt only flows in direction of the normals may occur, 
can be effected by reflection method as ihown in problem 2, 
It results in the equation 

Em i = ±i ^ c t w f n 

Fco 1 + sin I 1 + sin £ 2 la, 

the minus sign for the intervals (2 p - l)lT < 1 < 2 p rr, 
the plus rign for the intervals 2 p Tf <| <{2 p + IjTF, The 
solution is again effected by expansion in a Fourier series. 
We expand 
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Co 

= E bom cos 2 n 



1 + |si:i i 

i_l 

1 + | sin i;| 



, hi w o ~, ui ^ 



Co 



E P ( 2 n x) sin (2n + 1) § 



w i th 



. 4 jf cos 2 m x _d_ 

2m tt c 1 + sin x 



- 71/2 sin (i» + l) x 



With as yet unknown coefficients 



w v5 , ) . = E a* \ sin (2n + l) c 
Tec 0 (en+i) 



we nave 



W { M 1 a 



o 

Then we put — •-- K t so that 
ct 



a sn+l sin 



5n 



2 h. 



cos 



m g 



= -3( 2n +l) sin(2n + ^ 



1 



2 n-r 



^n 



+ 1) 



+ i) 



ana 



1 a a 

- S E 
n= o m= o 



a 



( 2n +l) ^ nm [sin(2n *H 2m) | + sin(2n + 1 - 2m) 

= S L3(:m+i) ~ t a ( 2 n-l- i)' 2n + l)] sin (2n * lH 
n=o A, * 

The comparison of the coefficients of corresponding 
terms discloses the following system for the desired co- 
efficients a,- \ i 
S s a+ 1 ) 
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h (^tHQ m 2 $-~t a 3 (b^-D 4 )"ra 3 ( b 4 -b 3 )+a 7 (b s -b 8 )+ — - ] , 

- 2p 3 -[a 1 (b 3 --b 4 ) + a-(b c -b 8 )+a 7 ( b 4 -b l0 )+ — ]. 

a 5 (2b 0 +f ^ - 2fe-[a 1 dD 4 ^ 3 )+a 3 (o^l: s )+ a ? ( b £ -b x 2 )+ — ], 

•y(*Vi> * 2p 7 -[a 1 (D s -TD 6 )+a 3 (l..-b l0 )+ a 3 (b 3 -b 13 )+ ~ — J . 

which is solvable by iteration. The calculation of the 
integrals 

n/ r ? co S z ml A * , T n / 8 sis Lis + i i 

j = j f d 5 and J 0 25 J — : — :; — - j a * 

i a 1 + sia | 2 e 1 + sin 5 

for defining h 2m and P( 211+ x ) gives the values in a form 
which offers difficulties to further calculation. It is 
more expedient to approximate the function f Cfl ~ 

I ir the interval 0 !§ | = Tf fey a rational function. 

1 -r sin£ 

A first approximation would form the parahcia y « 

2 

2 /* ri ^ + I ( which at point i -= 0, tt/2 and tl coincide 
tt 2 v a / 2 

with the previous curve. Approximation with function 



is better, wherein a and b are so defined that at point 
| » o (for I = TT also for symmetrical reasons) the value 
of the function and the first derivation agree with the 
previously cited function. The subsequent calculation is 
made with this approximation. It is 



4 8 4 1 

a = — b = -u - - 



TT TT 



TT3 TT * 

hence 

vm (% _ ft V- - ;3 + ( & - V' I s - l + i 

7 ~ U 2 W 1 W» TT 3 i ' VTT TT 2 / % ' 

Accordingly 

4 71/2 

b*_ = - J y (iS cos 2 m |d 5 

SB TT o V£ ) 
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4 !i/ 2 

$t*~i ,\ = - / v /t - sin (2n + l) i d i 

Now the coefficients *f sa^f ii can " oe ^ e ^^ ne ^ ^7 
means of the above cited system of equations* We computed 

a t the uoints £ = JL 5; S and 3L for integral 

l' a . ; • 2 4 8 lo 

values oi \ from 1 to 9, which, reduced to the z plane 

give the figures in table II. 

• -TABLE II 



16 B 

C t TT 


0.0 


0 


.414 


X 

I 


y • o7u 


0.821 


1 


0 .519 


0 


.482 




0 • 3 b b 


0.224 


2 


0. 692 


0 


.631 




0.491 


0.356 


3 


0.774 


0 


.72 5 




0. 597 


0 . 447 


4 


0. 821 


0 


.7 84 




U . 0 0 o 


0. 510 


5 


0.8 52 


0 


. 825 




0.714 


0. 570 


■6 


0.377 


0 


.8 53 




0.751 


0.616 


7 . 


0.831 


0 


. 372 




0.782 


0.5 51 


s 


0 . 90 8 


0 


. 890 




0 . 802 


0 . 660 


9 


0.915 


0 


. 899 




0.819 


0.709 



The trend of the distribution curves is seen in 
figures 12 and 13. 
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III. EXPBBIliEJJT 



The calculations described in the preceding sections 
were proved experimentally. The set-up is illustrated in 
figure 14. At a is the nozzle of a "blower. The illus- 
tration shows the arrangement for the measurements on the 
circular jet (fi = 20 cm). In another case the jet was 
given a square section (h = I = 30 cm), and in still an- 
other a rectangular section (h = 15 cm, I = 30 cm, hence 

- ™ 0.5 cm). The velocity distribution across the jet 
section proved to be sufficiently constant in all cases. 
A model airfoil (Getting en Ho. 398) of t = 10 cm chord was 
mounted on a U-shaped frame h. The distance from the 
nozzle edge to the leading edge of the wing was 10 cm, he- 
cause the static pressure assumes a constant value at that 
distance. The wing has at h IS orifices distributed a- 
cross the section (figure 15). The test stations are con- 
nected to the multiple pressure g'&g.6 c by means of tubes 
and rubber hose. The pressure patterns were photographed 
with camera d, as Illustrated in figure 16. The wing can 
be made to elide normally to the jet axis with the frame 
h (fig. 14) along the guide rail g. The amount of dis- 
placement is determined on scale f and marked at every 
exposure. The measurements included - with rectangular 
jet section ~ the following angles of attaclr:: -3°, 0°, 
3°, 6°, 9°; and - with circular jet section: -2°, 0°, 3°, 
and 5°. The wind speed was 30 m/ s . The figures taken 
from the pressure photographs were made nondimens ional by 
division with the dynamic pressure of the undisturbed flew 
q. 3y plotting the figures against the orifices projected 
on the air stream direction as abscissa we obtain pressure 
profiles whose contents represent the lift quota of the 
test section. Several examples for the square jet are . 
shown in figures 17 to IS. The figure above each pressure 
profile indicates the ratio of distance of the test section 
from the jet center to half the jet width. With c a ( r ) = 
6 A 

the -pertinent c B t ^\ is obtained for each test 

q t d x - a V** 

sec ti on . 

IV. THEORY vs. TSST 

Analysis of profile constant _,.c.- According to the 
profile measurements (reference 9) 

c - 3.82 a* 
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for the employed airfoil (a* measured in radians from 
point c a = o). These measur e:..ent s had been made with a 
characteristic value 1 = S,00C ttm X m/s, in contradis- 
tinction to our measurement! with S - 3,000 mm x m/s. 
Allowing for- this fact results in 

c a a 3.5 5 a* 

as probable : value according to V7iesels"berger 1 s experiments 
(reference 9, p. 54, etc.) 

I 

The equation is valid for r = 5 aspect ratio. For 
.conversion to* the wing of infinite span we used Glauort ! s 
formula (reference 10) for wings with rectangular contour. 
It yields 

Cgpp = 5.02 a* x and = c = 5.02 

Determination of actu^ .1st dimensions . - In order to 
study the effect of the jet contraction and the mixing zone 
at the jet "boundary on the jet dimensions the course of the 
flow velocity was measured in the plane of the wing leading 
edge normally to the jet axis. The constant value within 
the jet served as height of a rectangle; its width, so 
proportioned that rectangle and velocity profile are of 
equal volume, is defined as actual jet width. Thus: 

h = I = 2 9.1 cm for the square jet, 

h = 14.6 cm, |= 29.1 cm for the rectangular jet. 

The jet radius for the circular jet was ascertained as 
equal to the nozzle radius ( R = 20 cm), "because of the 
opposition offered "by a special design of the nozzle (con- 
striction "before the mouth) against the otherwise produced 
contract ion . 

The Wing chord was t - 10 cm; thus 

x = JUL 

c t rr 

yields K = 1.47 

for the square and r ect angular ■ j et 



and \ k = 2„ 02 

for the circular jet. 
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C o nr^a r i s o n . - The values for p~ — can read from 
the computed tables and from figures 7 to 10. 

It is 

d &/- 



and with 



(x) 



p 



L<SJ. . „ (p = fluid density) 



v 2 t a x 



d A 



d x 



p v r 



(>:) 



it is 



'a(x) 



V t 



similarly 



aw 



a r 



tliUS 



as used for computing the theoretical values of 



U) 



for the different angles of attack. 3?he trend of the lift 
distr ibut ion with square jet section is shor/n in figure 20, 
With rectangular section in figure 21, and With circular 
8©Ctit)n in figure 22. The small circles denote the meas- 
ured values. The trend of the theoretical and of the ex- 
perimental curves is patently in fairly close accord, the 
measured values being somewhat less than the theoretical. 
This discrepancy diminishes as the angles of attach: de- 
creases. The cause of the greater discrepancy toward the 
jet boundary with the angular jet sections is that the 
blower jet has rounded-off corners as a result of the miss- 
ing zone, With the circular jet where this effect does not 
exist, the agreement is therefore substantially closer. 
The very close accord of the total lift as defined by theory 
and test is noteworthy. 

Calculation of drag .- According to the airfoil theory 
(reference 2, p. 27] 



* = P F (x) *{*) d * 
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which, waen supplemented "by 

w (x) = v (a 



c V t 



or 



rith | V t a = I 



2 ~ w •, _ llsl 



r (x) 

yields (reference 11) 



^ - v 2 t a 2 — p 



r 



2 



d W - c | V 2 t a 2 "^ 1 d - -4^ N d x 

r ^ * ' 

The form of the function -Jm$X fl - -X^l , that is, the 

r r / 

X OC 1 CO 

distribution of the rlrag density is illustrated in figures 
£3 to 27 for different jet sections frith varying wing chord. 

In conclusion we compare the drag of a win-;: extending 
across an open jet with the drag of an identical wing (span 
equals' jet width) for infinite fluid width an assumedly el- 
liptical lift distribution* the total lift to he the same. 
It is 

a a (x) = P r (:c) v ft y. 

and rrith ~ V t a = Tex-. it be cones 

d A' ■,) = c I V 3 t a. ft x 



Likewise 



We put 



A *= c- p - V s t c /-f-^ x 

2 1 X cr 



/ d X - K I 



t hu s 



A - c — t»t a k l 
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Consequently 



and 



p A 3 

c o V^t a 3 * 

c P V 2 t K 2 l 2 
2 



c £ T*t * m l a o « v * ' 



Then we substitute 6 for -r , write the theoretical 

• d Co \ 

value of 2 rr in place of C I = - — — — ' , and put 

cl CC C 

1 17."* , Vt 



J ^ (l - J^l ) d x ts y I 

0 * cx V. 1 oo 



so that 



2 A a JLlL 

TT p V - I - 2 K 2 
2 A 2 

The factor 5—5 is the drag of an airfoil of 

rr p 7 1 

span. I in infinite fluid and with assumedly elliptical 
distribution Of lift (reference 2, p. 32). 



The factor n = r> --~*- indicates how many times the 

drag of a wing spanning an open jet is greater than the 
compared monoplane cf span equal to jet width in a fluid 
of infinite extent. The value of K can "be obtained by 
planiinetrat ion 01 figures 3 to 6 and the value of 7 
from figures 23 to 27. The dependence of Tj on t/ \ is 
consequently so slight as to be within accuracy of the 
calculat ion. 

Fox the rectangular jet section we have 

- = 1.0 0,318 0.2 

I 

f\ = 1.50 1.67 3.10 4. 52 

The curve is shown in figure 23. For the circular 
jet it disclosed r> = 1.04, and for the wing of minimum 
drag with given lift extending across a circular jet, 
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proper warping of the wing beine: permitted, f] ~ 1.74 ac- 
cording to h. Pohlhausen (reference 2, p. 56). 



Translation by J. Vanier , 
National A d v i s o r y C o mm i 1 1 0 e 
for Aeronaut 1c s . 
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Figs. 1,2 




Figure 1. -Reflection method for 

rectangular .jot section* 




ITiinire 2. -Circulation distribution with two 
parallel planes an jet boundary 
versus width of jet. 
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Figs. 3,4,5,6 
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Figure 3. -Circulation distri- 

"but ion with two 
parallel planes as jet "bounda- 
ry versus wing chord. 
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Figure 4. -Distribution of cir- 
culation with square 
jet section, h/l> = 1 . 
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Figure 5.-151 stributioa of cir- 
culation with rec- 
tangular jet section, h/l = 0.318. 



Figure 5. -Distribution of cir- 
culation with rec- 
tangular jet section ,h/ 1=0, 2 . 



.A.C.A. Technical Memorandum l?o. ?23 



Pigs. 7, 8, 9, 10 
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Figure -Intensity of circula- 
tion in center versus A. 
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Figure 8. -Intensity of circula- 
tion with x/l = 0.25 

versus A . 
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Figure 9. -Intensity of circula- 
tion with x/l = 0.125 

versus A. 
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Fi<ru_re 10; -Intensity of circula- 
tion with x/ Z = 0.0625 

versus ^ . 
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Figs. 11,12,13,15 
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Figure ll.-Conformal trr.nsi ormation 
of circle in a strip* 
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i'iguro 12.-Dir tribution of circulation witli a circular 
jot. 
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ITigare 1,7.- 
Circnlation 
intensity with 
circular jet 
versus X . 
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Pigu.ro 15* -Grading of 

orifices across 
section. 
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a, "blower nozzle 

h, airfoil model showing 

test station at b. 
c f multiple pressure gauge 
d 9 camera 

f, scale 

g, guide rail 

Figure 14. -Test arrangement 




Figure 16. -Pressure distribution photograph 
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Pig. 19 




Figure IS. -Pressure profiles for square jet 
section, angle of attack =rj°. 
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Jigs. 23,24,25,26,27,28 
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Figure 2". -Distribution of drag 
density with stri'D, 

(h/Z mm). 
^ h/l=C.713(=l/*) t/?=0.25 
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figure 25. -Distribution of drag 
density with rectan- 
gular jet section, (li/Z)»0.218 
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Figure 27. -Distribution of drag 

density with circular 
jet section. 



Figure 24. -Distribution of drag 

density v/ith sonar e 
jet section, (rjl = 1). 
^ h./Z=0.2 . t/l=0.L 
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Figure 26. -Distribution of dra-e; 

density Witfe rectan- 
gular jet section, (h/I)=0.2 
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Figure 28. -Trend ox drag 
coefficient f| 



